Economics 310
Handout # 11 Principal Components

Let X bean n x k data matrix where each variable is measured as deviations from its own mean. The
matrix X "X consists of sums of squares and cross products of the various variables which make up the
datamatrix. Trace( X X ) = thetotal variation in thedata set.

The first principal componert of X isavector z; = %, + a;X,+...+a %, , alinear combination of
the column vectors of the X matrix, which minimizes the sum of the squared distances (orthogonal to z,)
from the various vectorsin X to z, . However since any if any z, hasthis property any other vector kz,
where k is any scalar has this property also. So we need another restrictionon a, . The restriction we
chooseisthat a;a, = 1. It canreadly be seen that z, maximizes the sumof the squared lengths of the

projections of the vectors which make up the X matrix onto z, subject to the same restriction. Then our
problem istofind the vedtor z, which maximizesthesum XX, + XX, +...+X, X, where¥; is
'i: r

the fitted vedtor from theregression of x; on z, subject to the restriction that 2 a!.!.z =a;a;,=1.
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(Thisrestrictionassuresthat 2, = X)X, + XX, +...+X,X, .) Formaly then we maximize

f

Z, Z, subject to the conditionthat aja, =1 where.z, = Xa, Inasimilar waywe can find the
second principal component which isthevector £, = Xa, which maximizes g, 2., subject to the

normalization a,a. = 1 and subject to the additional restriction that the second principal comporent is
orthogonal tothe first.

Find thefirst principal component of a data set X:
Choose the vector a, tomaximize z,%, = (Xa,) (Xa,) subjectto aja, =1.

Thelagrangianis
L =a;XXa; +A4,(1-a;a,;)
el
= =2X'Xa, -24a, =0 -
1
Thisyieldsthe equation [X'X - 4,I]Ja, =0 You will immediately recognize that thisis an
eigenvalueproblem.. The solution isthat ,1,1 isthe largest eigenvalueof X "X and a, isthe associated

eigenvector. The second principal componentis ., = Xa., where a, isthe eigenvector associated

with the second largest eigenval ue and so forth until dl k principal componentshave been found. LetZ
be the matrix each of whose columnsisaprincipal component of X. Thenthetotal variationin X = the

total variationinZ = Trace ( X'X ) =Trace({(£.'L) = E ,l!_ and the number of nonzero eigenvalues
= the rank of the matrix X. [, = the squared length of theith principal component.



