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5. Homework, FEcon 973

3.1 Recall that p,(z) = agi 7y and AP, (z) = ff) The elasticity of average product
is defined by

f(z)
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Note that = pe = % — 57| = . [MPi(z) - AP(z)]. Hence,
' >0 if MPj(x) > APi(x),
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NG < if MP(z) < APy(x).
>0

3.9 Let f(z) =y = Az%z) where A,a, 6 > 0. Let (21, 22) > 0 (hence, divisions by
xy or xo are ok). Then, fi(x )— aAzS el and fo(z) = SAz¢x) . Thus,
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Similarly, o9 = 1.

3.12 Let f(z) =y = ﬁ, where o ﬁ > 0and £k > y > 0. Then, fi(x) =
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3.19 Let c(w,y) = Awuwly.

Since a cost function should be strictly increasing in y, it follows that A > 0.
Since a cost function should be increasing in w, it follows that a, 3 > 0.

Since a cost function should be homogeneous of degree one in w, it follows that
a+ [ =1

a,3 >0 and a+ # =1 implies that a, 6 < 1, which guarantees concavity in w.



3.24 Let y = min{axy, fz2} where o, 3 > 0. It is easy to see that the cheapest way
to produce output y is where

y = axy = fs.
Hence, a1(w,) = %, aa(w,9) = 4, and e(w,3) = (2 + %)y
3.31 Show that for any cost function

5 = w;zi(w,y)  Olnlc(w,y)]

clw,y) ~ Olnwy;

Calculate

Olnfc(w,y)] Gln[c(w,y)]\ﬁlnwi

0 Inw; ow; ow;
1 Oc(w,y)\ 1
c(w,y) Ow; w;
B w;  Oc(w,y)
c(w,y) Ow;

Note that by Shephard’s Lemma: 808(2”);1’) = z;(w,y). Hence,

Olnlc(w,y)]  w; o
Olnw;, c(w,y)xl(w’y) - o

Check for the Cobb-Douglas cost function c(w,y) = AT}, w}’y:

By Shephard’s Lemma: z;(w,y) Sewy) — Aow®i™? [ w;’y = Aaiw%_ 15—, w;’y.

= ow;

The input share for input ¢ equals
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Next calculate

AT, uly]

dlnfc(w,y)] O0ln[A H;'L:1 w?j Yl .
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OlnA  0O(a lnwi)_i_ Z J(ajlnw;)  Olny

0 In w; 0 Inw; 0 In w; 0In w;
SN—— J .
=0 N =0
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3.32 Let Inc(w,y) = apg+ >y asnw; + 5370 3% v Inw; Inw; + Iny.

(a) We have to restrict parameters such that c(w,y) is linearly homogeneous in w.
Thus, for all t > 0, ¢(tw,y) = tc(w,y). Hence, for the translog form,

Inc(tw,y) = In(te(w,y)) = Int + Inc(w, y).

We will use that > 7, ~v;; = 0. Since v;; = 7;;, We also can use > 7 | 7;; =

2?21 Yij = 0.

Using the definition of the translog cost function we have
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Hence, Inc(tw,y) = Int + Inc(w,y) if and only if > | a; = 1.

(b) Cobb-Douglas cost function ¢“P(w,y) = A[[\, wiy. Thus, Inc“P(w,y) =
InA+>" a;lnw; +Iny. Hence, if g =1InA, >, ; = 1, and for all i, j,
7i; = 0, then the translog cost function reduces to a Cobb-Douglas form.



(c) Input shares in the translog cost function s; = %(Z’)y) Note that by Shephard’s
Lemma éwky) = zi(w,y). Furthermore, by the definition of the cost function,

c(w,y) = exp(ag + Y1 i lnw; + 5370 3% v, Inw; Inw; + Iny). Thus,

n 1 n n
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Hence,

wzp(w,y) L
c(w,y) Wi
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= o+ zn:”yik In w;.
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Thus, the input shares in the translog function are linear in the logs of input
prices and output.

Alternatively, use the result from problem 3.31:

O ln[c(w, y)]
Sk} e _
O0lnwy
= 0 (Oz0+zn:ailnwi+lzn:zn:y'lnwilnw~+lny)
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3.33 Lety = > ", ayx;. Asusual, ¢(w,y) = min,>owz such that > ., a;z; > y (and
S or, a;z; = y by strict monotonicity of the production function). Note that
inputs are perfect substitutes. Hence, y can be produced by using exactly one of
the inputs exclusively. If only input ¢ is used, then we need x; such that a;z; = .
The corresponding cost would be w;z; = %y Hence, in order to minimize

costs, it is sufficient to find an input j such that %y = min{%y, ey %:y} =
min{¢L, ..., g—:}y So,
. w1 w
c(w,y) = min{—, ..., —}y
631 7%



Let J ={j| Z—j =min{#,...,22}}. Then, foralli=1,...,n
0 ifi¢J
L if J = {i},
Y= NL TR (i) and Y002 =y
for \j >0, > 5,0 =1

3.46 Let y = f(z1,22) = 22 [sin(g—; -+ 1]

(a) Let t > 1. Then, f(tzy,tze) = txo [Sin(t””1 —3)+ 1] = txy [sin(i—; —3)+ 1| =

tao
tf(x1,z2). Hence, the production function exhibits (global) increasing returns
to scale.

(b) y= f(z1,1) = f(z) = [sin(z — ) + 1] = —cosz + 1.

1.5
y 1

0.5]

0 1 2 3X 4 5 6

The production function f(z1,1) = f(x) = —cosz + 1.



Then, f(Z—lll) = AP(z) = =e=2tl and 9l — N P(z) = sina.

oz
1+
“ \
1 2 3 4 5 6
-0.51
-1t

Marginal (thin line) and Average (thick line) product curves for z; when zo = 1.

(c) sc(w,y) = min,>owx such that f(z) > y. With the given constraints this implies:
sc(y) = sc((1,2),y) = ming, >0 21 +2 = 2 + ming, > 1 s.t. y = —coszy + 1.
Using the specific form of the constraint, we find that the cost minimizer x; =
arccos(l —y) € [0, 7] and

sc(y) = 2 + arccos(1 — y).
Graphically, you choose the smaller of the two z; values that will produce
y=1—coszy =1— cos(2m — 7).

Then, II(p) = max,>o py — sc(y) = max,>opy — 2 — arccos(1 — y).

FOC (well-definedness analyzed later) =
-1
1-(1~-y)

p— 2(—1) = 0=

TS Vo

1
= \/2y—y2—2—)
1
= 2y—yZ:—2
p
1
= ¥y -2y+—5=0
p
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As we can see, the critical points (and therefore the resulting profit function) are
not well-defined for all prices p. Checking the shut-down condition graphically
we see that in order to produce a positive output y we need that p > min savc(y)
(otherwise profit will be below — fixed costs).

4
3.5

3
%5
2]

1.5 —

1

0 0.5 1 X 15 2 25

Marginal cost curve (thin line) and average variable cost curve (thick line).

Thus,
smc(y) = savc(y) at the minimum of savc!
1 ~arccos(l —y)
1—(1—-y)? Yy
1 _arccos(1—y) — _oyarccos(l—y) — _oyarccos(l—y) 1 __

T m S \2y—y )—y =1 2y—vy )—y 1=0.
Using Maple: /2y — y%%(l_y) — 1 =0, Solution is : {y ~ 1.6892}.
Hence, in order to not shut-down, p > L = L =1.3801.

V1-(1—y*)2  /1-(1-1.6892)2
Then, for p < 1.3801, II(p) = —2 (firm shuts down).

11



Finally, for p > 1.3801, II(p) = p+ \/p?> — 1 — 2 — arccos (— v p2_1)’ the profit

p
maximizing output y* =1+ ,/1 — z% > 1.6892 and
I(p) = py* — sc(y”)
1 1
= p+p\/1—ﬁ—2—arccos (1—(14-\/1—?))

/2
= p++p*—1—2—arccos (_p_l) > —2.

p

3.53 The profit function of the utility equals

(p, wg, wy) = maxg pso(py — wpK — wyF) st. VKF;+ KF, >y, where y =
Yd + Yn andF:Fd—i—Fn.

Note that in difference to the standard situation we discussed so far y is constant
and II(p, wy,wyr) < 0 is very well possible [since the utility has the obligation
to meet all demands at the fixed price p]. = py is a constant.

Furthermore, since the production function is strictly increasing, we may assume
that /K Fy + v KF, = y. First, let’s minimize costs (necessary condition for

2
profit maximization): ming p>o wpK + wsF where VKFy; = yq (Fq = %‘g) and

VKE, =y, (F, = %) Thus, F = F; + F,, = @ and we have to solve:
yatvz
dK .

2 2 2 2
FOC: wk—waI(T=0=>J](T=%=> K* = ‘/(yg“‘yr%)wik'

Hence, fory=yqs+y, =4+3=171,

minKZO ka + wy

wk'
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