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1. Homework Solutions

1. Homework Assignment Problems Al1.3 (Al.4), Al.11, A1.12, A1.16 (b),
A1.32 (a)&(b), A1.39, A1.46, A1.48.

1.3 De Morgan’s laws:

(SNT)e = SuT* (1)
(SUT) = S°NT° (2)
We prove De Morgan’s law (1) by showing that z € (S N T)¢ if and only if
x e SUTe.
r € (SNT)°
S ¢ SNT
& [zr¢gSorxé¢T)
& [zeSorxeTlf
& e STUTe

De Morgan’s law (2) can be proven similarly by showing that = € (S UT)¢ if and
only if x € SN T*°.

(SuUT)F

r¢ SuT

[z ¢ S and x ¢ T
[z € S¢ and z € T
re S NTe.

te e



1.4 Let I be an index set. Then, De Morgan’s laws are:

(MierSi)¢ = UierSy (3)
(UierSi)© = NMierS;. (4)

We prove De Morgan’s law (3) by showing that x € (M;e;S;)¢ if and only if
S Uie[Sf.

(NierSi)°

T & MierS;

[z ¢ S; for some i € []
[z € S for some i € []
x € User Sy

te e

De Morgan’s law (4) can be proven similarly by showing that = € (U;e;S;)¢ if and
only if x € M;e;SY.

(UierSi)°

T ¢ UierS;

[z ¢ S; for all i € I]
[z € S for all i € [
x € NierS;.

te e



1.11 Consider f(z) = z?.
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Graph of f(z) = 2* where D =R and R=Ror R=R,.
(a) D =R and R = R. Then, I = R, and the function is neither one-to-one, nor
onto.

(b) D =R and R =R,. Then, I =R, and the function is onto, but not one-to-one.
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Graph of f(r) = 2> where D =R, and R=Ror R=R,.

(c) D =R, and R =R. Then, I = R, and the function is one-to-one, but not onto.

(d) D =R, and R =R,. Then, I = R, and the function is one-to-one and onto.



1.12 The function depicted in Figure A1.8(a) is onto, but it is not one-to-one. There-
fore an inverse function does not exist. The function depicted in Figure A1.8(b)
is one-to-one, but not onto since f(D) = f([0,1]) = [0,4] # [0,1] = R. For
R = [0,1] an inverse function would exist.

1.16 (b) Let S and T be convex sets. Show that S —T ={z € R" |z = s —
for some s € S and some ¢t € T'}. Let g,y € S —T and A € [0,1]. To show:
Ay + (1 =Xy € S—T or equivalently:

A+ (1 —XN)g=s—tfor some s € S and some t € T. (5)

Sincey € S—T,y=35—1 for some 5 € S and some t € T.

Sincege S —T,7=35—1 for some 5§ € S and some t € T.
S convex implies s* = A5+ (1 —\)3 € S and T convex implies t* = X+ (1 -\t € T.

All the above implies that

A+ (1=Ng = AE5—8)+ (1= (5—1)
A5+ (1= N3] — M+ (1= N

st — t)‘,

which proves (5).



1.32 The (n — 1)-dimensional unit simplex is defined by S" ' = {z € R" | z € R"
and > " x; =1},

(a) For n =2 we have S = {(z,y) e R? | z,y > 0and z +y = 1} = {(z,y) € R? |
rel0,1] and y=1—z}.
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St is the line segment connecting the points (0,1) and (1,0).

(b) In order to prove that S"~! is a convex set, we have to show that for any z =
(21,..., 2 € S" 1 any y = (y1,...,Yn) € S" 1, and any X € [0, 1]:

A2+ (1= Ny = Azt + (1= Ny, A+ (1= Nya) € ™.
Note that z € S" ' and y € S" ! imply that z,y € Ry and > 2, = > 0y =

1. Since A > 0 and z,y € Ry, foralli € {1,...,n}: Az; + (1= \)y; > 0. Hence,
Az + (1 — A)y € R%. Furthermore,

n

D Pai+ (1= Ny = Z Az; + Z(l — Ay

i=1
i=1 i=1

7*1 7*1
= A+ (1-N)
1.

Hence, Y "  [Az; + (1 — A)y;] = 1 and Az + (1 — A\)y € R, This proves that
Azt (1= Ny € sn L.



1.39 Use Brouwer’s fixed point theorem to show that the equation cos(z) —z — % =0

has a solution in the interval [0, Z]. Let f(z) = cos(x) — 3.
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The functions f(z) = cosz — 3 and f(z) ==

We prove that f(z) has a fixed point in the interval [0, §]. Note that on [0, %], f(x)
is a strictly decreasing. Thus,

710, 3D = [£(5). FO) = [5VE - 551 € 02,05 ¢ 0. 7).

Let S = [0,%]. Hence, S is nonempty, convex, and compact (closed and
bounded). Furthermore, f : S — S is continuous (cos is a continuous func-
tion, so cosx — % is also continuous). Hence, using Brouwer’s fixed point
theorem, there exists a fixed point z* € S such that f(z*) = z*. Thus, for
z* € [0, %], cos(z*) — 5 = a* & cos(z*) —a* — 5 = 0. So, 2 solves the equation
cos(z) —x — 3 = 0 in the interval [0, Z].



1.46 Let f(x) =a-x+ b where a,x € R" and b € R.

(a) f being convex and concave means that for all x,y € R™ and all A € [0, 1]

fOx+ (1= A)y) < Af(x) + (1= XA)f(y) (convexity)

and
fOx+(1=XNy) > Af(x)+ (1 —=X)f(y) (concavity).
Let x,y € R" and A € [0, 1]. We have

fOx+(1-Ny) = a-[Adx+(1—-XNy]+b
= da-x+(l—=XNa-y+ b+ (1—A)b
= Ma-x+b)+(1-X)(a-y+Db)
Afx)+ (=X f(y)
Hence, f(Ax+ (1 —A)y) = Af(x) + (1 — A) f(y), which proves that f is convex

and concave. However, if f is strictly convex and strictly concave, then for all
x,y € R™ such that x #y, and all A € (0,1)

fOAx+ (1 =Ny) < Af(x)+ (1 = X)f(y) (strict convexity)

and
FAx+ (1 =XN)y) > Af(x)+ (1 = X)f(y) (strict concavity).

Let x,y € R" such that x # y, and A € (0,1). Then, similarly as before it
follows that f(Ax + (1 — AN)y) = Af(x) + (1 — X)f(y). This shows that f is

neither strictly convex, nor strictly concave.



(b) Since a linear function f is convex, it must be quasiconvex. Similarly, since a
linear function f is concave, it must be quasiconcave. If f is strictly quasiconvex
and strictly quasiconcave, then for all x,y € R” such that x # y, and all
Ae(0,1)

fAx+ (1 = N)y) < max{f(x), f(y)} (strict quasiconvexity)

and
fAx+ (1 = N)y) > min{ f(x), f(y)} (strict quasiconcavity).

Recall that f(Ax + (1 — N)y) = Af(x) + (1 = A) f(y). So, if min{f(x), f(y)} <
max{ f(x), f(y)}, then the conditions for strict quasiconvexity and strict qua-
siconcavity are satisfies. But for any a € R™ we can find x,y € R” such that
x #y and f(x) = f(y) (& a-x =a-y). Therefore, f is neither strictly quasi-
convex, nor strictly quasiconcave.



1.48 There are several ways of proving that f(z1,z2) = —(z1—5)? — (z2 —5)? is qua-

siconcave. The easiest way probably is by using that a function is quasiconcave
iff the superior sets for all levels y, S(y), are convex.

S(y) = 0 for levels y > 0 is a convex set,
S(y) = {(5,5)} for level y = 0 is a convex set,

S(y) = {(@1,22) | —(21—5)" = (22 = 5)" > y}
= {(z1,22) | (1 — 5)* + (22 — 5)* < —y} # 0 for levels y < 0
B?/=((5,5)) is a convex set.
4
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The function z = —(x — 5)% — (y — 5)%.
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The function z = —(z — 5)? — (y — 5)?: superior sets.
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Alternatively, we can show that f(xi,xs) is a strictly concave function using the
definition of strict concavity. Let z = (Z1,%2), T = (%1,%2), T # &, and X €
(0,1). Then,

fAzZ+(1—-XN)z)

—[A\Z 4+ (1 = A)@ — 5] — [ATa + (1 — X\)Z2 — 5)?

—[A@1 = 5) + (1= A)(@1 = 5)* = [\(T2 = 5) + (1 = A)(#2 — 5)]?

~[N(21 = 5)* + (1 = X)(@1 = 5)* + 2M(1 = N)(21 — 5) (%1 — 5)]

~[N(22 = 5)* + (1 = X)*(Z2 — 5)* + 2A(1 — N)(22 — 5)(Z2 — 5)]

—[A@1 =5 (1 = (L= 2)) + (1 = A)(@1 = 5)*(1 = A) + 2A(L = A) (21 — 5) (%1 — 5)]
—[A@2 =5 (1 = (L= X)) + (1 = A)(@2 = 5)*(1 = A) + 2A(L = A) (22 — 5) (%2 — 5)]

= —[A(@1 = 5)* + (1 = A)(Z1 — 5)?]
AL = A (@1 = 5) + A1 = N)(&1 — 5)2 — 20(1 — \)(@1 — 5)(F1 — 5)
—[AM@2 = 5)? + (1 = M\)(2 — 5)?]
HAL = A) (@2 — 5)2 + A1 — A)(@ — 5)2 — 2A\(1 — \)(@2 — 5)(&2 — 5)
= A[=(@1 = 5)* = (T2 = 5)’] + (1 = A)[~(Z1 — 5)* = (T2 — 5)’]

+ A1 =) [((Z2 = 5) — (#2 = 5))* + (T2 — 5) — (T2 — 5))’]
>0 >0 (=0 or:g for z=7%)
> A[=(21 = 5)* = (22 = 5)°] + (1 = A)[—(21 — 5)* — (32 — 5)7]
=Af(@) + (1= Nf(@)

Hence, f(AZ + (1 — A\)Z) > Af(z) + (1 — A\)f(Z), which proves that f(x,z) is a
strictly concave function. Hence, f(z1,x2) is also quasiconcave.
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