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419 Dq h{dpsoh iru qrq0frqyh{ suhihuhqfhv duh vr0fdoohg 3vlqjoh0glsshg4 +ru grxeoh0
shdnhg, suhihuhqfhv zklfk duh lqgxfhg e| vlwxdwlrqv zkhuh sxuh vwdwhv duh suh0
ihuuhg wr pl{wxuhv1 Vlqjoh0glsshgqhvv phdqv wkdw wkhuh lv d zruvw exqgoh +h1j1/
|rx grq*w olnh ehhu pl{hg zlwk zdwhu,/ exw wkh sxuhu wkh exqgoh lv/ wkh ehw0
whu lw jhwv +h1j1/ L olnh iuhvk zdwhu dqg sxuh +Jhupdq, ehhu,1 Iru sxeolf jrrgv
hfrqrplhv/ dq h{dpsoh zrxog eh wkh orfdwlrq ri d 3edg4 +h1j1/ d zdvwh glv0
srvdo vlwh 0 wkh ixuwkhu dzd| |rx olyh iurp lw/ wkh ehwwhu lw lv,1 Rqh0glphqvlrqdo
h{dpsoh=

41; Doo suhihuhqfhv dv ghvfulehg lq 41; fdq eh uhsuhvhqwhg e| d xwlolw| ixqfwlrq
üE%c +ä ' k%n q+ vxfk wkdw kc q : f1
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Lqgl>huhqfh fxuyhv ri üE%c +ä ' %n ô+1

Surri wkdw dq| üE%�c %2ä ' k%�n q%2 vxfk wkdw kc q : f uhsuhvhqwv d frqyh{ suhihu0
hqfh uhodwlrq æ/ exw qrw d vwulfwo| frqyh{ suhihuhqfh uhodwlrq=
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Lq rughu wr suryh frqyh{lw|/ zh qhhg wr vkrz wkdw iru dq| 7% ' E7%�c 7%2ä/ æE7%ä lv d
frqyh{ vhw1

Qrwh wkdw æE7%ä ' i% 5 U2n m % æ 7%j ' i% 5 U2n m k%� n q%2 è k7%� n q7%2j1
Ohw ì%c ÷% 5 æE7%ä dqg b 5 dfc �o1 Zh vkrz wkdw %b ' bì%n E�ý bä÷% 5 æE7%ä1

ì% 5 æE7%ä, kì%� n qì%2 è k7%� n q7%2
, bEkì%� n qì%2ä è bEk7%� n q7%2äc +4,

÷% 5 æE7%ä, k÷%� n q÷%2 è k7%� n q7%2
, E�ý bäEk÷%� n q÷%2ä è E�ý bäEk7%� n q7%2äé +5,

Dgglqj xs lqhtxdolwlhv +4, dqg +5, |lhogv

bEkì%� n qì%2ä n E�ý bäEk÷%� n q÷%2ä è k7%� n q7%2 ,
kEbì%� n E�ý bä÷%�ä n qEbì%2 n E�ý bä÷%2 è k7%� n q7%2 ,

%b ' bì%n E�ý bä÷% 5 æE7%ä1
Qh{w/ zh suryh wkdw æ grhv qrw vdwlvi| vwulfw frqyh{lw|= Ohw 7% 9' ì% vxfk wkdw

k7%�nq7%2 ' kì%�nqì%21 Wkhq/ 7% æ ì%1 Ohw b 5 Efc �ä1 Wkxv/ iru %b ' b7%nE�ýbäì%/
k%b� n q%

b
2 ' kEb7%� n E�ý bäì%�ä n qEb7%2 n E�ý bäì%2ä

' bEk7%� n q7%2ä n E�ý bäEkì%� n qì%2ä
' kì%� n qì%21

Khqfh/ %b å ì%1 Krzhyhu/ iru vwulfw frqyh{lw| zh qhhg wkdw %b " ì%1

Wkxv/ æ lv frqyh{/ exw qrw vwulfwo| frqyh{1
4145 +e, Suryh wkdw li üE%ä dqg ñE%ä duh txdvlfrqfdyh/ wkhq6E%ä ì 4ð?iüE%äc ñE%äj

lv txdvlfrqfdyh1

Ohw %�c %2 5 U2n/ b 5 dfc �o/ dqg %b ì b%� n E�ý bä%21 Wr vkrz=
6E%bä è 4ð?i6E%�äc6E%2äj /

4ð?iüE%bäc ñE%bäj è 4ð?i4ð?iüE%�äc ñE%�äjc4ð?iüE%2äc ñE%2äjjé +6,

Txdvlfrqfdylw| ri ü dqg ñ lpsolhv

üE%bä è 4ð?iüE%�äc üE%2äj dqg ñE%bä è 4ð?iñE%�äc ñE%2äj1
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Vxssrvh wkdw 4ð?iüE%bäc ñE%bäj ' üE%bä1
Vr/

4ð?iüE%bäc ñE%bäj ' üE%bä è 4ð?iüE%�äc üE%2äj
è 4ð?iüE%�äc ñE%�äc üE%2äc ñE%2äj
' 4ð?i4ð?iüE%�äc ñE%�äjc4ð?iüE%2äc ñE%2äjc

wkh ghvluhg lqhtxdolw| +6,1

Vxssrvh wkdw 4ð?iüE%bäc ñE%bäj ' ñE%bä1
Vr/

4ð?iüE%bäc ñE%bäj ' ñE%bä è 4ð?iñE%�äc ñE%2äj
è 4ð?iüE%�äc ñE%�äc üE%2äc ñE%2äj
' 4ð?i4ð?iüE%�äc ñE%�äjc4ð?iüE%2äc ñE%2äjc

wkh ghvluhg lqhtxdolw| +6,1

4146 +d, Qrwh wkdw lqgl>huhqfh vhwv duh vlqjohwrqv +l1h1/ srlqwv,1 Vr/ dq lqgl>huhqfh
pds frxog orrn olnh wklv=
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Ghslfwlqj dq xsshu frqwrxu vhw pd| pdnh lw fohduhu krz oh{lfrjudsklf suhihu0
hqfhv 3orrn olnh41

+e, Dv zh fdq vhh/ zhdn xsshu frqwrxu vhwv duh qrw forvhg1 Khqfh/ oh{lfrjudsklf
suhihuhqfhv duh qrw frqwlqxrxv1 Wkhuhiruh/ zh fdqqrw uhsuhvhqw oh{lfrjudsklf
suhihuhqfhv e| d xwlolw| ixqfwlrq1

4153 Ohw üE%ä ' ø%k�%
�3k
2 zkhuh ø : f dqg k 5 Efc �ä1 Ohw ERc +ä f1

4@ 
%MU2n

üE%ä v1w1 R% é +é

Wkh frqvwudlqw vhw îERc +ä ì i% 5 U2n m R% é +j lv frpsdfw dqg qrqhpsw| dqg
ü lv frqwlqxrxv +hyhq ä�,1 E| Zhlhuvwudý/ pd{lpl}hu dqg plqlpl}hu h{lvw rq
îERc +ä1 Ixuwkhupruh/ üE%ä ' f li % *5 U2nn +l1h1/ li %� ' f ru %2 ' f,1 Iru doo
% 5 U2nn/ üE%ä : f1 Khqfh/ doo % 5 U2nqU2nn duh plqlpl}hu dqg dq| pd{lpl}hu
zloo eh dq lqwhulru srlqw +l1h1/ % 5 U2nn,1

Ixuwkhupruh/ YüE%ä
Y%�

' øk%k3�� %�3k2 : f dqg YüE%ä
Y%2

' øE�ý kä%k�%3k2 : f1 Khqfh/ ü lv
vwulfwo| prqrwrqlf ü dqg zh zloo kdyh d edodqfhg exgjhw dw wkh pd{lpxp +l1h1/
R% ' +,1

Vroylqj Odjudqjh*v IRFv zloo surgxfh fdqglgdwhv iru wkh pd{lpl}hu

+l1h1/ wkh Pduvkdooldq ghpdqg,1
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OE%c bä ì ø%k�%�3k2 n bE+ ý R%ä1

YOE%c wä
Y%�

' f, øk%k3�� %�3k2 ' bR�c +7,

YOE%c wä
Y%2

' f, øE�ý kä%k�%3k2 ' bR2c +8,

YOE%c wä
Yb

' f, + ' R%é +9,

Vlqfh øckc R� : f dqg % 5 U2nn/ b : f1 Ixuwkhupruh/ doo glylvlrqv e| %ðc Rð/ dqg
b duh shuplwwhg1 Glylglqj htxdwlrq +7, e| +8, |lhogv

k%2
E�ý kä%� '

R�
R2
é

Khqfh/

%2 '
E�ý kä%�

k

R�
R2
é

Vxevwlwxwlqj lqwr +9,/ zh rewdlq

R�%� n R�
E�ý kä%�

k
' +c

R�%� ' k+é

Wkxv/

%�ERc +ä '
k+

R�
dqg %2ERc +ä '

E�ý kä+
R2

é +:,

E| Zhlhuvwudý %ERc +ä dv gh?qhg lq +:, lv wkh vroxwlrq wr wkh frqvxphu*v xwlolw|
pd{lpl}dwlrq sureohp1
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4157 Uhfdoo wkdw s uhsuhvhqwv wkh vdph suhihuhqfhv dv ü li dqg rqo| li wkhuh h{lvwv
d vwulfwo| prqrwrqlf wudqvirupdwlrq ñ G U$U +ñ lv vwulfwo| lqfuhdvlqj rq wkh
udqjh ri ü, vxfk wkdw s ' ñ ïü> l1h1/ iru doo % 5 U?n/ sE%ä ' ñEüE%ää1 Ghqrwh wkh
udqjh ri ü e| -Eüä1

+d, sE%ä ' üE%ä n EüE%ääô1 Khqfh/ s ' ñ ï ü zkhuh iru doo + 5 -Eüä/ ñE+ä ' +n +ô1
Qrwh wkdw YñE+ä

Y+
' � n ô+2 : f iru doo + 5 U1 Wkxv/ ñ lv vwulfwo| lqfuhdvlqj rq

-Eüä dqg s uhsuhvhqwv wkh vdph suhihuhqfhv dv ü1

+e, sE%ä ' üE%äý EüE%ää21 Khqfh/ s ' ñ ï ü zkhuh iru doo + 5 -Eüä/ ñE+ä ' +ý +21
Qrwh wkdw YñE+ä

Y+
' �ý2+ é f iru doo + è �

2
+vwulfw0prqrwrqlflw| lv ylrodwhg lq wkdw

fdvh,1 Khqfh/ li üE%ä ÷ �
2
iru doo % 5 U?n/ wkhq s uhsuhvhqwv wkh vdph suhihuhqfhv

dv ü1 Li wkhuh h{lvwv % 5 U?n vxfk wkdw üE%ä è �
2
/ wkhq s fdqqrw uhsuhvhqw wkh

vdph suhihuhqfhv dv ü1

+f, sE%ä ' üE%ä n
S?

ð'� %ð1 Lq wklv fdvh/ zh grq*w kdyh hqrxjk lqirupdwlrq wr ?qg
d wudqvirupdwlrq ñ vxfk wkdw s ' ñ ï ü +wkh whup S?

ð'� %ð jhqhudoo| fdqqrw eh
h{suhvvhg lq whupv ri üE%ä,1 Zkhq frxog zh ?qg d wudqvirupdwlrq vxfk wkdw
s ' ñ ï üB L> iru doo exqgohv 7%c ì% 5 U?n/ üE7%ä è üEì%ä / sE7%ä è sEì%ä /
üE7%ä n

S?
ð'� 7%ð è üEì%ä n

S?
ð'� ì%ð1 Li üE%ä ' ûE

S?
ð'� %ðä zkhuh û G Un$U lv d

vwulfwo| lqfuhdvlqj ixqfwlrq/ wkhq ñ ' +nû3�E+ä iru doo + 5 -Eüä ' Un zrxog eh
d vwulfwo| prqrwrqlf wudqvirupdwlrq vxfk wkdw s ' ñ ï ü1 Lq wklv fdvh s zrxog
uhsuhvhqw wkh vdph suhihuhqfhv dv ü1 Rwkhuzlvh/ qrw1

:


